Decay of de Sitter vacua by thermal activation 
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Decay of a de Sitter vacuum may proceed through a "static" instanton, repre- 
senting pair creation of critical bubbles separated by a distance comparable to the 
Hubble radius ~ a process somewhat analogous to thermal activation in flat space. 
We compare this with related processes recently discussed in the literature. 
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O : I. INTRODUCTION 

(N 

p • In field theory, a metastable false vacuum may decay either by tunneling or by thermal 

. activation. Tunneling is described by a solution of the Euclidean field equations symmetric 
under spacetime rotations In fiat space and at zero temperature this is the instanton 
with the least action, and hence represents the dominant contribution to the decay rate 
[3]. At sufficiently high temperature, thermal activation is more probable than tunneling, 
^ . and the rate is dominated by a static solution which represents a spherical critical bubble 
\ in unstable equilibrium between expansion and collapse j^. The symmetry of this solution 
is 0(3) X U(l), where the U(l) factor corresponds to translations along the compactified 
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'sj- ■ Euclidean time direction. 
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As shown by Coleman and de Luccia j4], gravity can be easily incorporated into the 
^ \ description of tunneling. When the initial state is a false vacuum with a positive energy 
density, the initial geometry corresponds to a de Sitter-like exponential expansion. A bubble 
which materializes through quantum tunneling has zero energy, and consequently (in the 
Qh! thin wall limit) the geometry outside of the bubble remains unaffected by the nucleation 
r-| ! event. After nucleation, the bubble walls accelerate outward, and the volume of the new 
phase increases at the expense of the old one. However, due to the presence of event horizons 
^ ■ in de Sitter, the growth of a single bubble cannot engulf the whole space. If the nucleation 
! rate per unit volume F is large compared to if^, where H is the inverse de Sitter radius, 
\ the foam of nucleated bubbles will percolate and the phase transition will complete. But if 
F <^ if^, the rate at which bubbles nucleate and grow does not catch up with the exponential 
expansion of the false vacuum. In this case, the volume of the false vacuum keeps increasing 
with time and the transition never fully completes in the whole spacetime (leading to eternal 
old inflation). However, any observer will experience a local transition to the new vacuum 
phase in a finite proper time. 

On the other hand, the description of thermal activation can be more involved when 
the self-gravity of the bubbles and of the thermal bath is considered. In the cosmological 
context, the thermal bath drives the expansion of the universe, and the temperature becomes 
time dependent. Because of that, exact instantons cannot be constructed. In low energy 
cosmological phase transitions (e.g. at the electroweak scale) it is safe to ignore the self- 



gravity of the bubbles, and to use the flat spacetime results for the nucleation rate^. If this 
rate is sufficiently large, the phase transition completes as the bubbles percolate, typically 
after a short period of supercooling and subsequent release of latent heat by the nucleated 
bubbles jsf. But if the rate is too small, there is a strong supercooling and the thermal bath 
dilutes away; the false vacuum starts dominating before the phase transition is complete, 
and we are back to the situation described at the end of the previous paragraph 0]. 

Note, however, that even when all matter has been diluted away, the false vacuum 
dominated de Sitter expansion can be considered to have a non-vanishing temperature 
T = if/27r, which does not dilute further as the universe expands. One may then ask 
whether this leads to thermal activation, and if so, at what rate does it proceed. In what 
follows, we shall discuss the corresponding instanton, describing the nucleation of a pair of 
critical bubbles in unstable equilibrium between expansion and collapse. It should be noted 
that the theorem in Ref. [3] does not necessarily apply to de Sitter space, and hence it is 
not clear a priori whether this new instanton has higher action than the usual Coleman-de 
Luccia one. 

Static self-gravitating instantons with 0(3) symmetry have previously been considered 
in a variety of contexts, notably for the description of false vacuum decay in the presence 
of a black hole (See e.g. Uo, 11| and references therein). The particular solution we 
shall consider here corresponds to pair creation of critical bubbles in de Sitter, and to our 
knowledge it does not seem to have received much attention in the past. The following is 
an extended version of the discussion given by the present authors in [l^. In Section II we 
describe the solution. In Section III we discuss the action and the nucleation rate. In Section 
IV we consider the limit in which the mass of the nucleated bubbles is small. Section V is 
devoted to the opposite limit, when the gravity of the bubbles is very important. In Section 
VI we compare the action for thermal activation with the action for tunneling (through the 
Coleman-de Luccia instanton). Section VII compares the process of thermal activation of 
seeds of the new phase with a related process recently discussed by Gomberoff et al. 
by which most of space would jump to the new phase except for a pair of bubbles which 
contain the "remnant" of the old phase. Section VIII is devoted to conclusions. 



II. PAIR CREATION OF CRITICAL BUBBLES 

Unlike the case of the Coleman-de Luccia bubble, the energy of a critical bubble is 
different from zero, and consequently, the metric outside of it is no longer pure de Sitter 
but Schwarzschild-de Sitter (SdS). The instanton is a solution of the Euclidean equations 
of motion, with two metrics glued together at the locus of the wall, which is a surface of 
constant r in the static chart of SdS (see Fig. Q). For simplicity, we shall restrict attention 
to the case where the vacuum energy density is positive in both the initial and the final 
states. Also, we shall assume that the thin wall approximation is valid 0. 



The effects of self-gravity, however, may be important at high energy scales, see e.g. |3 for a recent 
discussion. 



A. The instanton 



The metric outside is given by 

ds'' = fo (r) dt^ + /-^ (r) dr^ + r^dQ'', (1) 
where dVt^ = dO"^ + sin^ 9d(j)'^, and 

«.) ^ (i - ^ - ny) . (2) 

The metric inside is given by 

ds^ = C^fi (r) de + /-^ (r) rfr^ + r'^d^^, (3) 

where 

/. (r) = (1 - ny) . (4) 

Here G is Newton's constant. The parameter C is determined by the condition that on the 
bubble wall (i.e., at r = i?) the two metrics must agree, which leads to C = [fo (R) / fi (i?)]^/^. 




FIG. 1: Static instanton in de Sitter space. The left figure shows the geometry induced on the plane 
r, t, while keeping angular coordinates fixed, whereas the right figure shows the geometry induced 
on the plane r, <j), keeping 9 and t fixed. The vertical direction corresponds to the coordinate r, 
common to both pictures. The cosmological horizon is at r = r+, the buble wall is at r = R, and 
r = is the center of the static bubble of the new phase. The geometry at the time of nucleation is 
obtained by cutting the instanton by a smooth spacelike surface orthogonal to the time-like killing 
vector. This corresponds to a diametral section of the figure on the left, which therefore contains 
two bubbles, whose centers are separated by a distance comparable to the Hubble radius. 

The parameters M and R depend on the wall tension a, and the Hubble parameters 
outside and inside the bubble. Ho and ^irrespectively. Their values are determined by the 
junction conditions at the bubble wall (l4l |. 

[Kab] = -AnGa-fab, (5) 

where [Kab] is the difference in the extrinsic curvature Kab = {^/'^)f^^'^drgab on the two sides 
and 'Jab is the world-sheet metric. Eq. (0) gives rise to the junction conditions. 



[g] = -AnGa, [g'] = 0, 



(6) 



where we have introduced the new function g(r) = f^/'^{r)/r. Using Eqs. Q and (jlj), we 
have 

1 SGM , 1 

9ogo = — ^ + — 9i9i = — ^- (') 



^3 ^4 ^ 



From we have g'o{R) = g'iiR) = —SM/ATraR^, and then gi{R) and go{R) are easily 
obtained from Eqs. (jTj): 



^?.(i?) = ^, ^7o(i?)=^7.(^)(l-^)- (8) 



From (j21) and (jH) we have 

9liR) = i.-'-^-Hl gm = j,-Hl (9) 

Inserting (jH)) in we finally obtain a quadratic equation for gi (R) = x. The solution is 
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where we have introduced the parameter e representing the difference in vacuum energy 
difference on both sides of the bubble wall: — Hf = STiGe/S = e/SM^. Then the 
parameters M and R are given in terms of x by 

R-^ = x^ + Hf, M = ATraR/3x. (11) 

This concludes the construction of the instanton solution for given values of the physical 
parameters a, Ho and Hi. 



B. Cosmo logical horizon 

The above equations are valid only as long as 3GM < R [otherwise (jH)) would yield gi < 0, 
which is meaningless]. Thus, from flllj) . we require 47rG'a < x, or a < a^v, where 

al = AMl{?,Hl-H!). (12) 

(The case with a > will be discussed in Section V.) The mass parameter satisfies 

M <Mn = M{aN) = {3V3GHo)-\ (13) 

For M < Mtv, the equation fo{r) = has three real solutions. One of them, say r_, is 
negative and the other two are positive. The two positive roots correspond to the black hole 
and cosmological horizons. We call them respectively and r_|_. Therefore we can write 

fo (r) = — - r-) (r - r^) (r - r+) . (14) 

In the present case, with a < a^r, the horizon at is not present, since the exterior metric 
is matched to an interior metric at some r = R > (see Fig. P). For r < R the metric is 



just a ball of de Sitter in the static chart, and it is regular down to the center of symmetry 
at r = 0. In general, the size of the cosmological horizon is given by 



where we have introduced the angle 



cos -—- , (15) 
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In the limit M — the angle (f — 7r/2, and HoV^ 1. 

According to Eq (jH)), on the bubble wall we have fo (R) = {R — 3GM)'^, so the equation 
fo (R) = has a double zero instead of two different roots. This means that the radius of 
the instanton will coincide with the radius of one of the horizons only in the special case 
where both horizons have the same size, = r+ = = 3GM. As we shall see in Section 
V, this limit corresponds to a = a^, for which the exterior metric is the Nariai solution 
|l^bj|, with mass parameter Mn given in (fT!?|) and with Hor^ l/v^- There, we shall 
also comment on the case a > a^, which is not covered by the present discussion. 



C. Euclidean periodicity 

Regularity of the Euclidean solution will determine the periodicity of the Euclidean time 
coordinate (and the thermal properties of the solution). For r r+, we have 

/o(r) ^A'(^l-^y (17) 

where 

A' = Hi (r+ - r_) (r+ - r,) = Si/^^ _ ^ (^g) 
In terms of the new coordinates 

the metric for r ^ r+ reads 

ds^ = p'^dcf)'^ + dp^ + rldn^, (20) 

so it is clear that (f) is an angle, < < 27r, and t varies in the range < t < 47rr+/y4^. 
Thus, the periodicity of the time coordinate is given by 



47rr+ 27rrj 



^ 3ifM-l r, -SGM" ^^^^ 



It is also of some interest to determine the physical temperature on the bubble wall world- 
sheet, given by the proper time periodicity /3r = /^f fl'^ (R) dt = fl'^ {R) j3 = C fl'^ (R) (3, 

2 R - 3GM , , 



If there are field degrees of freedom living on this worldsheet, this will be the temperature 
that they will experience (rather than the ambient de Sitter temperatures). 

Like in the case of instantons describing the production of black holes [15] or monopoles 
[itI I in de Sitter, the instanton presented here describes the creation of pairs of bubbles. As 
we have just seen, the Euclidean time runs on a circle (See Fig. 1). The geometry at the 
time of nucleation is obtained by slicing the compact instanton through a smooth spacelike 
surface which cuts the factor at two places, say, t = and t = 13/2. The resulting 
geometry contains two different bubbles separated by a distance comparable to the inverse 
expansion rate. 



III. INSTANTON ACTION 

The nucleation rate is determined by the Euclidean action, which turns out to have a 
rather simple expression in terms of r_|_. The action is given by 



Se = ct j d^iy/i + j d^Xy/g (^pv 



n 



(23) 
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By the equations of motion, the scalar curvature is given by 

= 327iGpvy^+ 2AnGa j d^^^S^^'^ {x - x (0) , (24) 
and hence the on shell action is given by 

3e = -^J d'^Vl - J d'xpvVg- (25) 

The first integral in is just the volume of a two-sphere of radius R times /Sr. The second 
integral in splits into the contributions from the two different vacua, 

p, / CdtdrA-Kr^ + po / dtdrAnr^ (26) 
Jo Jr 

= p^CP^TiR' + poP^n {rl - R') (27) 

So the instanton action is 

S, = -2nR^afr {R) P - R'^j!^^ " i^l ' R') (28) 
After some algebra Se can be written in the simple form 

Se--^- (29) 

where A(r+) is the area of the horizon at r+. The exponent B which gives the probability 
for brane nucleation is the difference in actions between instanton and background. The 



action of the background is just Se = —t^/GH^, so the difference in actions between the 
instanton and the background is given by 



5 = ^(1- rlH!) ■ (30) 

This expression could have been anticipated from general arguments. The action of a static 
Euclidean solution with periodicity P is given by [3, [l^ Se = PE — S, where E is the total 
energy and 5" is the entropy. For a closed solution, without a boundary, the total energy 
vanishes E = 0. Hence, the Euclidean action is equal to the entropy of the solution, which 
is just one fourth of the sum of the areas of all horizons. Hence, Eq. (jHIH) can be rewritten 
as B = —AS*, and the transition probabihty is proportional to 

r~exp(A5). (31) 

As both the initial and the final solutions can be said to represent macroscopic states in 
thermal equilibrium, their entropy can be interpreted as the logarithm of the correspond- 
ing number of microstates in the microcanonical ensemble with E = 0. The transition 
probability is then simply proportional to the relative number of microstates. 



IV. WEAK SELF-GRAVITY LIMIT 

If the bubbles are sufficiently light, GMHo <^ 1, and provided that a < cn, Eq. f|T?)|l 
gives HoV^ ^ 1 — GMHo, and from (jHIH) we have 

B ^ PoM, (32) 

where (3o = 27r/ifo. Since the mass of the bubble is small, its appearance does not signifi- 
cantly change the temperature of the horizon. In such case, the nucleation rate of the bubbles 
may be interpreted from the point of view of the observer at r = as being due to a ther- 
mal bath at the fixed Gibbons-Hawking temperature Pq^. The corresponding probability is 
proportional to the Boltzman factor 

e-^«*^ (33) 

Eq. ()32|) can also be understood as follows. The energy of the bubble has been extracted 
from thermal reservoir. According to the first law, the entropy of the reservoir must decrease 
by dShorizon = —Po dM jl^. From the discussion at the end of the last Section, B = 
— {AS) horizon, and hence for bubbles of small mass we obtain (jH^ . 

Let us now consider a few specific limiting cases, starting with the case of low tension 
branes, cx/Mp <^ Ho, Ho — Hi, with Ho > Hi. In this case the parameter x is large compared 
with Ho, R — x"^, and we have 

M = levraVSe^ 

This is just the fiat space expression for the energy of a critical bubble. The corresponding 
bounce action is -B ~ 327r^cr^/3iJoe^, which coincides with the thermal activation rate in fiat 
space at the temperature P'^. 

At finite temperature, jumps to a vacuum with a higher energy density are also possible. 
In the absence of gravity, these jumps are frustrated because the bubbles of the new phase 
tend to recoUapse. When gravity is included, the expansion of the universe can keep these 



"false vacuum" bubbles from contracting (this is true also for the case of tunneling bubbles 
|2ll|). Hence, let us consider again the case of low tension branes, cr/Mp -C \Ho — Hi\ <^ Hi, 
but now with Ho < Hi. In this case we find x ~ — cxiff/e <^ Hi, and 



R^H7 
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In this limit, the bubble of the false vacuum phase is almost as big as the cosmological 
horizon. We also have M ^ — (47r/3)eif~^ and B ^ —Sn'^e/SH^, where we have used that 
Hi — Ho <^ Hi to replace Hi by Ho in the last expression (note that e < in the case we 
are considering here, so M and B are both positive). This approximately coincides with the 
bounce action for the homogeneous Hawking- Moss instanton [2^], representing the upward 
jump of a horizon sized region of de Sitter space into a higher false vacuum. 

Finally, we may consider the case of intermediate tension \Ho — Hi\ ^ cr/M^ ^ Ho, Hi. 
This leads to x ^ H,/^/2, and ^ 2/3i/2. in this case, the difference in pressure between 
inside and outside of the brane is insignificant compared with the brane tension term, which 
is balanced against collapse by the cosmological expansion. The energy of the critical bubble 
is Ec{R) ~ inaR^. Note, from (j221), that the inverse temperature 

is different from the one experienced by a geodesic observer at the origin of coordinates 
r = 0. This is because observers at r 7^ are in fact accelerating. From the point of view 

1 /2 

of the observer at r = 0, the energy of the bubble is M = f^'\R)E^{R), because of the 

1 /2 

gravitational potential contribution. Hence, taking into account that (3ii = /q {R)Po the 
exponent in the Boltzmann suppression factor can be written as 5 ~ PqM ^ I3rEc, and we 
have B ^ 167rV/3V3i/3 



V. STRONG GRAVITY LIMIT 

For given Ho and Hi, the solution of Section II only exists provided that the tension of 
the bubble wall does not exceed a certain bound ctat, given in Eq. (fT^ . Let us now consider 
what happens near this bound, and beyond. 



A. The Nariai limit 

As we mentioned in the discussion below Eq. fll4|) , the exterior metric in the limit a (Tat 

corresponds to the Nariai solution, with = = {V?,Ho) , and M = l/?>^HoG. 
Replacing this value in (jHUj) we find readily 

This may be compared with the action of the instanton describing the nucleation of black 
holes in the same de Sitter universe [li 



The difference B — = 7t/3GH^ = Af,h/4:G, is just the area of the black hole horizon in 
the Nariai solution, as expected from the general discussion of the previous Section (Here, 
we are of course neglecting the entropy stored in the field degrees of freedom living on the 
bubble walls, which would show up when the determinantal prefactor in the nucleation rate 
is evaluated). 

The fact that = r_|_ does not mean that both horizons coincide, since the coordinates 
r,t become inadequate in this case Near the Nariai limit the metric outside takes the 
form (^, with 

Mr)^A^{l-I-)-[l-£j\ (37) 

and r ^ r+, plus higher orders in the parameter A, which we defined in (|T8|l . In the present 
limit this parameter tends to zero, (r+ — Ts). Now we define new coordinates ijj 

and A by 

2 / r \ A^ 
cos^ = l- — (^1--J, A = -t, (38) 

so that the metric becomes 

rfs^ = sin^ ijj + r^rf^2 + rldU^ . (39) 
The cosmological horizon is at = and the black hole horizon is at = vr. Now in the 
limit A — > we just replace r+ = (v^i/o) 

We must determine the position ipR of the bubble wall, which is given as before by the 
matching conditions (0), where now the metric outside is ()39|) . So, on the wall, we have 

dsl = sin^ipR + r^c/fi^ (4q) 
= fi{R)dt'^ + R^dQ^. (41) 
The extrinsic curvature on the outside is —{l/2)d^gab, with goo = sin^ ip and gnn = r^, i.e., 

1 /2 

Koo = —{i/r+)goocottp,Knn = 0. The curvature inside is as before Koo = gmdrfi and 
Knn = gnnfl^'^/r, with (r) = (1 - Hfr'^), so the Israel conditions give 

-^cot^n-[f!^^)'\R = -AnGa, (42) 

f-^^ (i?) /R = AixGa. (43) 
These equations are easily solved and give 



3if^ — Hf 



1/2 



a^„M = 2M^^3HI - Hf (45) 

SO Hi must be less than v^-f^o- Now regularity at the cosmological horizon ~ implies 
that < A/r+ < 2tt, so Pr = sin {ipji) 27rr+. Hence, 

271 /3i/!-if2\ 1/2 



Thus, also in this case, the effective temperature of the field degrees of freedom living on the 
worldsheet will be of order Hq (The only exception occurs if there is some fine adjustment 
between Ho and Hi which makes the factor inside the brackets very small, in which case the 
temperature may be much larger.) 



B. Beyond the Nariai limit 



For a > (Jtv we have 3GM > R and the construction of Section II does not apply [since by 
Eq. (jHI), gi would be negative]. As pointed out in [13], above this threshold a static solution 
can still be constructed by gluing the interior solution to the < r < R portion of the 
exterior SdS solution (rather than using the i? < r < r+ portion). This changes the sign 
of Kab in the exterior, and the junction conditions become 

{g} = AnGa, {g'} = 0, (47) 

where the curly brackets denote twice the average value on both sides of the bubble wall. 
Eq. (jH)) is then replaced by 

= W 9o{R) = g^iR)[-^-lj, (48) 

but Eqs. pOj) through remain the same. The instanton would still look pretty much as 
in Fig. 1, but with the cosmo logical Horizon of radius r+ replaced by a black hole horizon 
of radius < R. Hence, in the right pannel of Fig. 1, the horizontal maximal circles would 
grow from to i? as we move up from the center of the bubble, but then the circles would 
start decreasing from R to as we continue from the bubble wall to the horizon. 

It is straightforward to calculate the Euclidean action for this solution, which is given by 

where A{rs) = 47rr^ is the area of the black hole horizon, with 

- — -COS ' 



' V3 \ 3 
and where ip is given by (fT^ . The corresponding bounce action 

^ = ^ (1 - ^'^o) , (50) 

is perfectly finite, since the instantons involved are both compact and regular. Moreover, 
i? > 0, as it should be if this is to be interpreted as a process with an exponentially 
suppressed rate. 

Is this instanton suitable for describing vacuum decay in the usual sense? Let us assume 
that we are in a false vacuum phase, and for simplicity, that the false vacuum decay rate 
per unit volume is exceedingly small compared with H"^. Then we expect that after some 
time the metric will take the form 

ds-' = -dP + e''''''\dx)\ (51) 

over an exponentially large portion of space (with the exception of small portions of vol- 
ume carved out by bubbles of the new phase which may have nucleated). In the solution 
described in Section II, an asymptotic region with metric can be found (upon analytic 
continuation) in the region beyond the cosmological horizon, which is asymptotically de Sit- 
ter and infinite in volume in a flat slicing. In the case we are considering in this subsection. 



FIG. 2: The t = const, surface has the geometry of an Einstein-Rosen bridge of the old phase 
which connects a pair of bubbles of the new phase. 

however, the global structure of the solution is rather different. A black hole singularity is 
hidden beyond r^, and the static solution does not contain any asymptotic region that looks 
like dSH). 

The t = const, surface has the geometry of an Einstein-Rosen bridge of the old phase 
which connects a pair of bubbles of the new phase (see Fig. |2)). Each one of these bubbles 
is in unstable equilibrium, it can either expand or contract. Let us concentrate in one of 
them. If the bubble wall expands, then its motion is perceived as expansion from both sides 
of the wall (recall that in the present case the radius r decreases as we move away from the 
wall in both directions). Conversely, contraction of the bubble wall would be perceived as 
contraction from both sides of the bubble wall. If one of the bubbles expands, it eventually 
generates an infinitely large region of the false vacuum phase surounding the black hole, and 
the metric in the false vacuum region far away from the black hole has the asymptotic form 

This suggests the following interpretation for the static instanton beyond the Nariai 
limit: it describes the thermal production of black holes of mass M [given by in 
an asymptotically de Sitter region. Initially, the throat of the black hole connects with a 
compact baby universe, but this pinches off as the black hole singularity develops The 
baby universe contains a bubble of the new phase in unstable equilibrium (see Fig. Ej). If 
the bubble of the new phase collapses, the baby universe disappears into nothing. On the 
contrary, if the unstable bubble expands, it ends up generating an infinite region of the new 
vacuum phase, separated from an infinite region of the old vacuum phase by a domain wall 
in constant acceleration. At the center of the region of the old vacuum phase, there is also 
a black hole of mass M. 

Let us now comment on the nucleation rate. According to Eq. ()50|) . this is given by 

r ^ ^+S,,-AiH-')/^G _ ^-PoM+S,, g-^(r+)/4G_ (GMif„ < 1) (52) 

Here, Sbh is the black hole entropy. In the last step, we have used that for black holes of 
sufficiently low mass, the entropy of the cosmological horizon is smaller than the entropy of 
the original de Sitter metric by the amount (AS) horizon = —PoM, as discussed in Section 
IV. 

When we compare the previous result with Eq. , the last factor in Eq. (jH^ strikes us 
as rather unexpected. It seems to say that of all attempts at forming a black hole of mass 
M in a region with effective de Sitter temperature (3o, only a very small fraction given by 
exp[— yl(r+)/4G] succeed in forming a baby universe which hosts a bubble of the new vacuum 



FIG. 3: A baby universe whith a bubble of the new phase, pinching off a large universe filled with 
the old phase. 

phase. Perhaps this is not unreasonable, since a baby universe which is entirely filled with 
the old vacuum phase would have an entropy which is higher by the amount +A{r+)/4G, 
relative to the entropy of the baby universe containing the static bubble. This suggests that 
most attempts should produce a baby universe of the old phase, without a bubble of the new 
phase. However, we should also keep in mind that the instanton representing this alledgedly 
more frequent process does not exist (the solution would contain two horizons at different 
temperatures, and hence the Euclidean section would have a conical singularity at one of 
them). 

Mathematically, the factor exp[— y4(r_|_)/4G] arises because the instanton represented in 
Fig. El does not contain the cosmo logical horizon at r_|_. The neighborhood of this horizon 
has been excised and replaced with the bubble of the new vacuum phase. This could mean 
that the interpretation given above for the instanton beyond the Nariai limit is not correct. 
In this interpretation, we are assuming the existence of an initial region, of size larger than 
the cosmological horizon, where the metric takes the approximate form (j3T|) . A cosmological 
horizon, and an asymptotic de Sitter region of the form ()51|) . does develop if we let one of the 
unstable bubbles expand, but strictly speaking it is not present in the analytic continuation 
of the instanton. Clearly, the legitimacy of this interpretation deserves further investigation. 

VI. COMPARISON WITH THE COLEMAN-DE LUCCIA ACTION 




FIG. 4: The bounce action for the Coleman-De Luccia instantons. Here b = H'^BcDi^/Sn'^Mp, 
s = a/2MpHo and h = Hi/ Hq. The action is finite also for upward jumps, which correspond to 
h>l. 

Let us now compare the action of the thermal instanton with that of the tunneling process 



described by the Coleman-De Luccia (CDL) instanton. The latter is given by (see e.g. [25[) 

(53) 



CDL 



(1 - bao) - (1 - bai 



where 



and 



e a 



(54) 



(55) 



The a's are related by Hf + a 
be written as 



Hl + al- Using this relation and H'^ = A/SM^ , Bcol can 



CDL 



a 



2M2 



3M2 



Hf + a? - ai 



(56) 



The values of B for the static instanton and Bqdl are easily compared by noticing that both 
are of the form n/GH^, times a function of the dimensionless parameters s = a/2MpHo and 
h = Hi/ Ho- In Fig. |3] we plot the action for the CDL case, and in Fig. El we plot the 
difference between the two actions. Note that the static instanton action is larger than the 
CDL action in the whole range of parameters. 




FIG. 5: The difference between the actions of the static and the Coleman-De Luccia instantons. 
Here Ab = H^{B - Bcdl)/Stt'^M^, s = a/2M^Ho and h = Hi/ Ho- The black line on the surface 
indicates the value for each value of Hi/Ho. Note that Ab > in the whole range, and 
therefore the thermal activation process is always subdominant with respect to the Coleman-de 
Luccia tunneling process. 

As we mentioned in Section IV, jumps to a vacuum with higher energy density are also 



allowed 21[. Note that for the case of upward jumps, h"^ > 1, the actions become comparable. 



and in fact they are equal at the corner where a ^ ^ and h"^ ^ 3 (see Figs. |31and|ni). 



VII. SEEDS OF THE NEW PHASE VS. REMNANTS OF THE OLD PHASE 



In the interpretation which we have adopted so far, the static instanton represents the 
creation of pairs of critical bubbles of the new phase embedded in the false vacuum phase 



h 2 

3 ° 

FIG. 6: The ratio r = Bcdl/B between the actions of the Coleman-De Luccia and static instan- 
tons. As in Fig. [51 the black hne on the surface indicates the value of (Tat. The two actions are 
comparable for /i^ ^ 1, and become equal only at the corner where a — > and h? 3. 




FIG. 7: The ratio r = Bcs/Bcr between the bounce actions for the same transition between 
some initial vacuum and some final vacuum, where h = H final /H original, Bqs corresponds to the 
creation of a seed of the final vacuum and Bcr corresponds to the process which leaves a remnant 
of the original vacuum. The right and left boundary curves correspond to the Nariai limit for the 
creation of seeds and remnants respectively, s = sjy and s = sn [see Eqs. and (jUJ)]. 

[l^ . We may refer to this as the process of "pair creation of seeds" of the new phase. 
This process is analogous to pair creation of particles (or even topological defects such as 
monopoles by the expanding de Sitter background. As we showed in Section IV, when 
the nucleated objects are sufficiently hght, the creation rate is simply proportional to the 
Boltzmann factor. 

In Ref. Gomberoff et al. suggested a rather different interpretation of the same 

solution. The process they considered involves a spherical bubble wall coming in from the 
cosmological horizon, sweeping away the false vacuum as it moves towards smaller radii, and 
replacing it with the true vacuum. The result of this process would also be a critical bubble 
in unstable equilibrium between expansion and collapse, but this time the bubble would be 



a "remnant" of the old phase rather than the seed of the new phase. We shall thus refer to 
this process as " creation of remnants"^. Even if mathematically the Euclidean solution is 
the same as before, the interpretation and background subtractions are very different. As a 
consequence, the nucleation rate of such objects does not have the same simple Boltzmann 
suppression form as we found in for light bubbles. 

Suppose for definiteness a potential with two non-degenerate vacua, labeled by 1 and 
2, with V{1) > V{2) > 0. The solution representing a downward jump which leaves a 
remnant of vacuum 1 surrounded by vacuum 2 is the same as the instanton for an upward 
jump caused by a seed of vacuum 1 which has been activated from vacuum 2. Similarly, 
the upward jump which leaves a remnant of vacuum 2 surrounded by vacuum 1 is related 
to downward jumps by activation of a seed of vacuum 2 from vacuum 1. Hence 

cl cT cT cl 

'^CR ~ '^CS^ '^CR ~ '^CS 

Here, the subindex CR stands for "creation of remnants", and Sqr denotes the action for 
the cosmological thermalon discussed by Gomberoff et al., while the subindex CS refers to 
"creation of seeds" , and Scs denotes the action given in (j29|l . The arrows indicate whether 
we are considering an upward jump or a downward jump. 

The bounce action is obtained by performing the relevant background subtractions 

bL = SIs-S{1), bI^ = S'cs-S{2). (58) 

Here >S'(1) and 5'(2) are the background actions, given by Eq. ()29|1 . with replaced by the 
corresponding de Sitter radii H^^ and if respectively. Before proceeding, we should stress 
that since the instantons we are considering are static and compact, then according to the 
discussion in Section III the bounce actions are always given by ^ 

B, = -AA/AG = -AS (59) 

where AA is the change in the area of the horizon and AS* is the change in the entropy. 



(57) 



^ Gomberoff et al. used the term "cosmological thermalon" for the process of creation of remnants. "Ther- 
malon" may indeed be a better word than "instanton" for describing the static Euclidean solutions. 
However, this denomination seems equally appropriate for the process of creation of seeds, so to avoid 
confusion wp shall simply refer to creation of seeds or remnants. 

^ In fact, Ref. '13] considered a slightly different setting, where a membrane is coupled to a three form gauge 
field A3 and to gravity. The term which represents the interaction of the membrane with the gauge field 
takes the form q J A ^, where q is the membrane charge, and the integral is over the membrane worldsheet. 
It was argued in |l3| that is discontinuous accross the membrane, and a somewhat heuristic prescription 
was given to compute the contribution of q J A3 to the action and to perform the background subtraction. 
The result of this procedure, however, differs from Eq. (|59|l . Here, we shall not try to elucidate the reason 
for this discrepancy. We note, however, that the on-shell Euclidean action for the system of a membrane 
coupled to ^3 and to gravity, and with proper inclusion of boundary terms [2^ , can be shown to be the 
same as the action we have taken as our starting point (|25|l with pv replaced by where F ~ dA^ is 

the field strength [see e.g. Eq. (6.1) in Ref. j23|]. Hence, the results of the present paper, which are in 
principle valid for the case of vacuum decay in field theory, may as well be valid for the case of the brane 
coupled to the antisymmetric tensor field. 



It is clear from ()58|) that 



- 4dl = Bi,s - Bl.r,L > 0, (60) 
bL - B^cDL = Bis - BluL > 0. (61) 

Here, we have used the fact that -B^dl + '^(2) = B^^j^ + S{1), since the CDL instanton 
solution is the same for upward and for downward jumps, and all that changes is the back- 



ground subtraction [21| . The inequalities above come from the fact that Bcs is always larger 
than BcDLi as shown in the previous Section. It follows that Bcr is also always larger than 
BcDL, and so the creation of remnants is also subdominant with respect to the tunneling 
process represented by the CDL instanton. 

Finally, we may ask which of the two processes is more important, the creation of seeds 
or the creation of remnants. From ()57p we have 

bIr - Bis = Bis - Bin- (62) 

Hence, if one of the channels is dominant for upward jumps, then it means that the other 
process is dominant for downward jumps. Fig. [7| shows the ratio f = Bcs /Bcr- Note 
that ii h < 1, corresponding to downward jumps, then the process of pair creation of seeds 
is much more likely than the process of pair creation of remnants. On the other hand, 
for h > 1, corresponding to upward jumps, the ratio of the bounce actions is very close 
to one [although, from ()(j2|l . the frequency of upward jumps through creation of remnants 
outweighs that of upward jumps through creation of seeds by the same factor as downward 
jumps through creation of seeds outweight downward jumps through creation of remnants.] 
Finally, let us recall that the Nariai limit corresponds to aj^ = 2Mp{3H^ — HfY^"^ [see 
Eq. (fT^]. Here the indices i and o stand for the inside and the outside of the bubble. 
For pair creation of seeds, outside and inside correspond to the original vacuum and the 
final vacuum respectively Ho = Horigmai and = H final- In the dimensionless variables 
s = a/{2MpHoriginai) and h = H final / H original, the Nariai curve corresponds to 



3 - /i^. (63) 



For pair creation of remnants with the same initial and final states as the seeds, we have 
Ho = H final and Hi = Horiginau and the Nariai limit corresponds to 



52 



3/^2 - L (64) 



The Nariai curves s = sjq and s = sn, corresponding to the circle and the hyperbola 
are also plotted in Fig. [7| 



VIII. SUMMARY AND CONCLUSIONS 

De Sitter vacua are believed to be metastable at best (see e.g. 2^ for a recent discussion). 
It is well known that vacuum transitions from a metastable vacuum can proceed through 
quantum tunneling, which is described by the Coleman-de Luccia instanton. This process 
can take us to lower energy vacua, but also to other de Sitter vacua with a higher vacuum 
energy density [2ll |. 



Here, we have investigated an alternative process, by which critical bubbles of the new 
phase can be pair produced. This process is the analog of thermal activation in flat space. 
The mass M and radius R of the "seeds" of the new phase are given by Eqs. ()10|) and (lllj). 
in terms of the initial and final vacuum energies, po = 3MpH^ and pi = 3MpHf, and of the 
tension a of the wall separating both phases. 

For 0"^ < 4Mp{3H^ — Hf), the geometry of the critical bubbles is the following (see 
Fig. 1). Outside the bubble, the metric is Schwarzschild-de Sitter, and has a cosmological 
horizon. The black hole horizon is not present, since we are matching to an interior solution 
at some R > Vg, where R is the bubble radius and is the radius of the would be black 
hole horizon. Inside the bubble, the metric is pure de Sitter with curvature radius H^^^. For 
GMHo ^ 1, the nucleation rate is proportional to the Boltzmann factor 

r ~ e-'^"^, (65) 

as would be expected from simple thermodinamical arguments. Here l3o = 2tt/Ho is the 
inverse de Sitter temperature of the old vacuum phase. 

For cr^ = 4:Mp{3H^ — Hf) the metric outside of the bubble corresponds to the Nariai limit 
of the Schwarzschild-de Sitter solution, for which the black hole and cosmological horizons 
have the same size. Beyond the Nariai limit, i.e. for o"^ > 4Mp{3H^ — Hf), the asymptotic 
form of the solution changes quite drastically (iS^ . The static solution with a pair of critical 
bubbles has a black hole horizon instead of a cosmological horizon. The interpretation of 
such solution is less clear than in the case cr^ < 4:Mp{3H^ — Hf), but we have argued that 
it may correspond to the creation of a baby universe containing a bubble of the new phase. 
The nucleation rate is formally given by ()52j). and does not have the simple form even 
in the case when the mass M is small (here, M is the mass of the black hole connecting the 
asymptotic region of the old phase with the baby universe). 

We have compared the process of thermal activation of seeds to an alternative process 
recently suggested by Gomberoff et al. by which most of space would suddenly jump to 
the new vacuum phase, leaving only a pair of critical bubbles as remnants of the old phase. 
These could subsequently collapse into black holes, with the net result that the vacuum 
"dark" energy, is transformed into cold "dark matter" in the form of black holes. We find 
that for downward jumps, this process is subdominant with respect to the thermal activation 
of seeds of the new vacuum. For upward jumps, the bounce actions are comparable, and in 
fact the creation of remnants may be slightly favoured with respect to the creation of seeds 
(although when we are going up in energy we are not transforming dark energy into dark 
matter, but simply increasing both of them!). 

Also, we have compared the rate of nucleation of critical bubbles by thermal activation 
with the rate of bubble nucleation by quantum tunneling, described by the Coleman-de 
Luccia (CDL) instanton. The CDL instanton always has a lower bounce action than the 
process of thermal activation of seeds or remnants. Thus, even if thermal activation is 
possible, it appears that jumps between neighboring vacua will be more frequent through 
quantum tunneling. For the case of upward jumps, however, the corresponding actions 
are comparable (see Fig. 6). Since the action for thermal activation is higher than that 
for tunneling, one should ask whether there are any situations where the former process 
may nevertheless be relevant. Note that if the bubble wall carries some internal degrees of 
freedom, their entropy will be accounted for in the prefactor which accompanies the leading 
expression for the nucleation rate. It is clear from Eq. ()4(j|l that the temperature the 
bubble wall can be very high if the wall tension and the vacuum energies in the two phases 



are suitably adjusted. Hence the entropy of the internal degrees of freedom can be very 
high, making up perhaps for the difference in actions. Investigation of this possibility is left 
for further research. ^ 
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